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Abstract
The spin structure of the pion is discussed by transforming the
wave function for the pion in the naive quark model into a light-
cone representation. It is shown that there are higher helicity
(λ1 + λ2 = ±1) states in the full light-cone wave function for
the pion besides the ordinary helicity (λ1 + λ2 = 0) compo-
nent wave functions as a consequence from the Melosh rotation
relating spin states in light-front dynamics and those in instant-
form dynamics. Some low energy properties of the pion, such
as the electromagnetic form factor, the charged mean square
radius, and the weak decay constant, could be interrelated in
this representation with reasonable parameters.
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1. Introduction
The light-cone formalism [1,2] provides a convenient framework for the rel-
ativistic description of hadrons in terms of quark and gluon degrees of free-
dom. There have been many studies on the valence state wave function for
the pion in light-cone formalism [2-9] or in light-front dynamics[10-12]. It
will be shown in this paper that the spin structure of the pion in light-cone
formalism is quite different from that in the SU(6) naive quark model in
considering the effect from the Melosh rotation [13,14] relating spin states
in light-front dynamics and those in instant-form dynamics. A natural con-
sequence is the presence of the higher helicity (λ1 + λ2 = ±1) components
in the full light-cone wave function for the pion besides the ordinary helicity
(λ1 + λ2 = 0) components. In fact, the Melosh rotation has been applied to
explain the ”’proton spin puzzle” [14] and the emergency of the λ1+λ2 = ±1
components in the pion has been also realized [7]. The purpose of this paper
is to explore the explicit form of the light-cone wave function for the pion
and the consequences of taking into account the λ1 + λ2 = ±1 components
in the description of several low energy properties of the pion. It will be
shown that the electromagnetic form factor, the charged mean square ra-
dius, and the weak decay constant could be reproduced by the harmonic
oscillator wave function in the light-cone representation with very reason-
able parameters by taking into account the contributions from the higher
helicity states.
2. Intuitive argument and present status
We first give an intuitive picture to explain why there are higher helicity
states in the full light-cone wave function for the pion. When a composite
system is transformed from one reference frame to another frame, every con-
stituent’s spin will undergo a Wigner rotation [15], and these spin rotations
may be not necessarily the same since the constituents may have different
internal motions. In consequence the sum of the constituent’s spin is not
Lorentz invariant. Hence the pion, composed of two constituents with oppo-
site spin in the rest frame, may have λ1+λ2 = ±1 spin states in the infinite
momentum frame, where λ1 and λ2 are the constituent’s spins along the in-
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finite momentum frame; i.e., they are the helicities of the two constituents.
We know that the instant-form dynamics in the infinite momentum frame is
equivalent to light-front dynamics in an ordinary frame[16], thereby the spin
structure for a composite system in light-front dynamics is quite different
from that in the ordinary instant-form dynamics in considering the effect
from the Wigner rotation.
It has been argued [17,14] that the Melosh rotation [13] relating con-
stituent quark and current quark can be understood as a special Wigner
rotation relating spin states in instant-form dynamics and those in light-
front dynamics. The consequences from considering the Melosh rotation in
the description of the pion low energy properties have been investigated in
several papers [8,9,12]. In ref.[8] some kinematics corrections to the ordi-
nary helicity (λ1 + λ2 = 0) component wave function were considered but
the higher helicity (λ1 + λ2 = ±1) states were unfortunately ignored. The
pion wave function was represented in ref.[12] in terms of Pauli matrices
and the physical implication is unclear. An explicit representation of the
pion wave function was given by Kisslinger and Jacob [9] in terms of light-
cone Dirac spinors in conjunction with a momentum space wave function
evaluated from a light-cone Bethe-Salpeter formalism. However, the spin
structure for the pion in the light-cone formalism, such as the presence of
the higher helicity states, still remains unexplained.
3. The light-cone wave function for the pion
a) The spin wave function
We present in this paper an alternative light-cone representation of the pion
full wave function by transforming the ordinary instant-form SU(6) quark
model wave function for the pion into light-front dynamics. We start from
the rest frame (~q1+~q2 = 0) instant-form (T) spin wave function of the pion,
χpiT = (χ
↑
1χ
↓
2 − χ↑2χ↓1)/
√
2, (1)
In which χ↑,↓i is the two-component Pauli spinor and the two quarks have
4-momentum qµ1 = (q
0, ~q) and qµ2 = (q
0,−~q), with q0 = (m2 + ~q2)1/2, re-
spectively. The instant-form spin states |J, s >T and the front form (F) spin
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states |J, λ >F are related by a Wigner rotation UJ ,
|J, λ >F=
∑
s
UJsλ|J, s >T , (2)
and this rotation is called as Melosh rotation for spin-1/2 particles. One
should transform both sides of eq.(1) simultaneously to get the light-cone
spin wave function for the pion. For the left side, i.e., the pion, the trans-
formation is particularly simple since the Wigner rotations are reduced to
unity. For the right side, i.e., two spin-1/2 quarks, each particle instant-form
and front-form spin states are related by the Melosh transformation[14],
χ↑(T ) = w[(q+ +m)χ↑(F )− qRχ↓(F )];
χ↓(T ) = w[(q+ +m)χ↓(F ) + qLχ↑(F )],
(3)
where w = [2q+(q0 +m)]−1/2, qR,L = q1 ± i q2, and q+ = q0 + q3. Then we
get the light-cone (or front form ) spin wave function for the pion,
χpi(x,~k⊥) =
∑
λ1,λ1
CF0 (x,
~k⊥, λ1, λ2)χ
λ1
1 (F )χ
λ2
2 (F ), (4)
where the component coefficients CFJ=0(x,
~k⊥, λ1, λ2), when expressed in
terms of the instant-form momentum qµ = (q0, ~q), have the forms,
CF0 (x,
~k⊥, ↑, ↓) = w1w2[(q+1 +m)(q+2 +m)− ~q2⊥]/
√
2;
CF0 (x,
~k⊥, ↓, ↑) = −w1w2[(q+1 +m)(q+2 +m)− ~q2⊥]/
√
2;
CF0 (x,
~k⊥, ↑, ↑) = w1w2[(q+1 +m)qL2 − (q+2 +m)qL1 ]/
√
2;
CF0 (x,
~k⊥, ↓, ↓) = w1w2[(q+1 +m)qR2 − (q+2 +m)qR1 ]/
√
2;
(5)
which satisfy the relation,
∑
λ1,λ2
CF0 (x,
~k⊥, λ1, λ2)
∗CF0 (x,
~k⊥, λ1, λ2) = 1. (6)
One sees that there are also two higher helicity (λ1 + λ2 = ±1) components
in the expression of the light-cone spin wave function of the pion besides the
ordinary helicity (λ1 + λ2 = ±1) components.
b) The momentum space wave function
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We still need to know the momentum space wave function. Unfortunately,
there is no exact solution of the Bethe-Salpeter equation for the pion at
present and in practice one often makes approximation to evaluate the mo-
mentum space wave function. A commonly used one for mesons is the
harmonic oscillator wave function
ϕ(~q2) = A exp(−~q2/2β2) (7)
which is a non-relativistic solution of the Bethe-Salpeter equation in an
instantaneous approximation in the rest frame for mesons[18]. We indicate
that the relation between the instant-form momentum ~q = (q3, ~q⊥) and the
light-cone momentum k = (x,~k⊥) is by no means unique, and in practice
one needs to construct models relating them. In this paper we adopt the
connection[10-12]:
x = (q0 + q3)/M ;
~k⊥ = ~q⊥,
(8)
in which M satisfies
M2 =
~k2⊥ +m
2
x(1− x) . (9)
From eq.(8) we find,
q0 = [xM + (m2 + ~k2⊥)/xM ]/2;
q3 = [xM − (m2 + ~k2⊥)/xM ]/2,
(10)
thus we obtain
q+ = xM ;
2q+(q0 +m) = (xM +m)2 + ~k2⊥.
(11)
We notice
~q2 =
~k2⊥ +m
2
4x(1− x) −m
2. (12)
As there are ambiguities in extending the non-relativistic form wave function
into a relativistic one, we find that there are three possible prescriptions for
the transformed light-cone momentum space wave function in the literature:
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1. The Brodsky-Huang-Lepage (BHL) prescription [2]
ϕBHL(x,~k⊥) = A exp[− m
2 + ~k2⊥
8β2x(1− x) ]; (13)
2. The Teren’ev-Karmanov (TK) prescription [10-11]
ϕTK(x,~k⊥) = A
√
1
2x(1− x)exp[−
m2 + ~k2⊥
8β2x(1− x) ], (14)
where the factor
√
1/2x(1 − x) arises from the jacobian relating d3~q/q0
and d2~k⊥dx;
3. The Chung-Coester-Polyzou (CCP) prescription [12]
ϕCCP (x,~k⊥) = A
√
M
4x(1 − x)exp[−
m2 + ~k2⊥
8β2x(1− x) ], (15)
where the factor
√
M/4x(1 − x) arises from the jacobian relating d3~q
and d2~k⊥dx.
The three prescriptions differ in the factor related with the jacobian adopted:
J2BHL = 1, J
2
TK = 1/2x(1 − x), and J2CCP =M/4x(1 − x).
c) Parameter fixing
Thereby we obtain the light-cone wave function for the pion
ψ = ϕχ (16)
in which the parameters are the quark mass m, the harmonic scale β and
the normalization constant A. The wave functions for the pion in previous
work[8-9,12] were shown to be successful in reproducing some low energy
properties of the pion, such as the electromagnetic form factor, the charged
mean square radius and the weak decay constant. We exam also these items
for the wave functions in this paper. As the wave function, eq.[16], can be
considered as a light-cone version of the SU(6) quark model wave function
such as in ref.[18], we expect that the parameters m and β be not so much
different from the values m = 330 MeV and β = 220 MeV in ref.[18,3]. The
parameters are adjusted to fit the constraints adopted by Kisslinger and
Jacob[9]:
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1. the normalization condition∫
[d2~k⊥dx/16π
3]ψ∗ψ =
∫
[d2~k⊥dx/16π
3]ϕ∗ϕ = 1, (17)
which is essentially a valence quark dominance assumption[8];
2. the weak decay constant fpi = 93 MeV defined [2] from π → µν decay
process by < 0|uγ+(1− γ5)d|π >= −
√
2fpip
+, thus one obtains
∫
1
0
dx
∫
d2~k⊥
16π3
(k+1 +m)(k
+
2 +m)− ~k2⊥
{[(k+1 +m)2 + ~k2⊥][(k+2 +m)2 + ~k2⊥]}1/2
ϕ =
fpi
2
√
3
;
(18)
3. the charged mean square radius < r2pi >= 0.439 fm
2 [19] evaluated
numerically from < r2pi >= −6∂Fpi(Q2)/∂Q2 at Q2 = 0.
We thus obtain m = 330 MeV, β = 290 MeV for the BHL prescription;
m = 330 MeV, β = 280 MeV for the TK prescription; and m = 330 MeV,
β = 270 MeV for the CCP prescription. One sees, in comparison with the
results in ref.[8,12], that the values of the parameters above are more close
to those used in the conventional SU(6) quark model harmonic oscillator
wave function[18,3].
4. The pion form factor
One advantage of light-front dynamics is that the Wigner rotation relating
spin states in different frames is unity under kinematic Lorentz transforma-
tion, thereby the spin structure of hadrons are the same in different frames
related by kinematic Lorentz transformation. The electromagnetic form fac-
tor can be calculated from the Drell-Yan-West formula[20]
F (Q2) =
∑
λi
∫
1
0
dx
∫
d2~k⊥
16π3
ψ∗(xi, ~k⊥i, λi)ψ(xi, ~k′⊥i, λi), (19)
where ~k′⊥i = ~k⊥i − xi~q⊥ + ~q⊥ for the struck quark, ~k′⊥i = ~k⊥i − xi~q⊥ for
the spectator quarks, and the virtual photon momentum qµ is specified with
q+ = 0 to eliminate the Z-graph contributions[1,2,21]. Other choice of qµ
will cause contributions from Z-graphs, and it should give the same result
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as that in the q+ = 0 case if all the graphs are taken into account[22]. We
thus obtain
F (Q2) =
∫
1
0
dx
∫
[d2~k⊥/16π
3]Mϕ∗(x,~k⊥)ϕ(x, ~k′⊥), (20)
where ~k′⊥ = ~k⊥ + (1 − x)~q⊥ is the internal quark transverse momentum of
the struck pion in the center of mass frame, and
M = (a1a2 −
~k2⊥)(a
′
1a
′
2 − ~k′
2
⊥) + (a1 + a2)(a
′
1 + a
′
2)
~k⊥ · ~k′⊥
[(a21 +
~k2⊥)(a
2
2 +
~k2⊥)(a
′2
1 +
~k′
2
⊥)(a
′2
2 +
~k′
2
⊥)]
1/2
, (21)
in which ai = k
+
i +m and a
′
i = k
′+
i +m, is the contribution from the Melosh
rotation. The above calculation does not (or less so severely) suffer from the
flaws recognized in ref.[7] in evaluating the ”’soft” form factor. One can eas-
ily find that our treatment of the Melosh rotation is also different from that
of CCP by comparing eq.(21) above with eq.(19) in ref.[12]. This explains
why our parameters differ to theirs. The comparisons of the calculated form
factor with the data at low Q2 are shown in fig.1. One sees, in combination
with the three constraints, that several low energy properties of the pion,
such as the electromagnetic form factor, the charged mean square radius,
and the weak decay constant, can be interrelated in the three prescriptions
with very reasonable parameters by taking into account the contributions
from the higher helicity states.
Fig.2 presents the calculated form factor at higher Q2 with the above
wave functions in the constituent quark qq¯ configuration. The calculated
form factors, i.e., the unlabeled curves, fall off with Q2 quickly by taking
into account the contributions from higher helicity states. If we ignore the
higher helicity states as was done in ref.[8], the calculated pion form factors,
which should be approximately twice the magnitude of the curves labeled
λ1 + λ2 = 0, could be comparable in size to the data at currently available
Q2 in the three prescriptions. Thus the conclusion in ref.[8] might be altered
if a different momentum space wave function other than the one specified
there was used. By properly taking into account the contributions from the
higher helicity states, we seem to have arrived the same conclusion as that
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in ref.[4,8] that the ”’soft contributions” to the form factor are insufficient
to explain the data at currently available large Q2 and other QCD terms are
necessary at high momentum transfer (≥ a few (GeV/c)2), even if we adopt
different prescriptions for the pion light-cone wave function. Of course,
the above conclusion is dependent on the specific form of the momentum
space wave function and relies on the valence quark dominance assumption,
thus may be altered if a different momentum space wave function, instead of
eq.(7), is used or the valence dominance assumption, i.e., eq.(17), is removed.
Nevertheless, we believe the results in fig.2 imply that the constituent quark
model in valence quark configuration could be valid at low energy scale even
up to Q2 ≈ 1 (GeV/c)2 and that at higher resolution (i.e., Q2 ≥ a few
(GeV/c)2) the contribution from considering the internal substructure of
the constituent quarks should be further introduced in such picture like the
valon model proposed by Hwa[25].
5. Remarks and summary
We indicate that our treatment of the Melosh rotation, though simply, is dif-
ferent from those in previous investigations. The introduction of the higher
helicity states into the hadronic light-cone wave functions may be able to
shed some light on several problems concerning the applicability of perturba-
tive QCD in high momentum transfer region. The higher helicity states are
likely the sources for the ”’helicity non-conserving” behaviors [26] observed
in pp↑ scattering [27] and in πN→ ρN process [28]. The Melosh rotation
also has implications in the spin content of hadrons. It has been shown in
ref.[14] that the observed small value of the integrated spin structure func-
tion for protons, i.e., the spin EMC data [29], could be naturally understood
within the naive quark model by taking into account the effect from Melosh
rotation based on the facts that deep inelastic process probes the light-cone
quarks other than the instant-form quarks [1-2,21,30], and that the spin of
the proton is the sum of the Melosh rotated light-cone spin of the individ-
ual quarks other than simply the sum of the light-cone spin of the quarks
directly [31-32]. Thereby the effects from the Melosh rotation need more
careful considerations.
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In summary, we showed, by using the pion as an example, that the spin
structure of hadrons in light-cone formalism is quite different from that in the
SU(6) naive quark model in considering the effect from the Melosh rotation.
One example is the existence of the higher helicity states in the light-cone
wave function for hadrons besides the ordinary helicity states. It is shown
that some low energy properties of the pion, such as the electromagnetic
form factor, the charged mean square radius, and the weak decay constant,
could be interrelated by the harmonic oscillator wave function in the light-
cone representation with very reasonable parameters by taking into account
the contributions from the higher helicity states.
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Figure captions
1. Fig.1. Pion form factors calculated with the pion wave functions in the
three prescriptions at low Q2. The solid, dashed, and dotted curves are
the corresponding results from the BHL, TK, and CCP wave functions
with the parameters m and β being: m = 330 MeV and β = 290 MeV
for the BHL prescription; m = 330 MeV and β = 280 MeV for the
TK prescription; and m = 330 MeV and β = 270 MeV for the CCP
prescription. The data are taken from ref.[23].
2. Fig.2. Pion form factors calculated with the pion wave functions in the
three prescriptions at high Q2. The corresponding parameters for the
curves are the same as those in fig.1. The curves labeled ”’λ1+λ2 = 0”
are the contributions from the λ1 + λ2 = 0 component wave functions
in the corresponding prescription. If the λ1 + λ2 = ±1 components
are ignored, the calculated results should be approximately twice the
magnitude of the curves labeled ”’λ1 + λ2 = 0” due to the normaliza-
tion condition. The curves labeled ”’M = 1” are obtained by turning
off the effect from the Melosh rotation. The unlabeled curves are the
contributions from the full (i.e., the λ1 + λ2 = 0 and λ1 + λ2 = ±1
components) wave functions. The data are taken from ref.[24].
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